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Abstract. Internal waves may greatly affect the hydrodynamics of a body performing in a stratified fluid. The internal
waves may occur due to density difference of a fluid having layers with different temperatures in the vertical sense or
salinity. In such cases, the waves perform differently in each layer, depending on the wave mode. Consequently, the
wave loads such as the wave exciting forces will vary greatly. To study these phenomena, one can model a two-layer
fluid with free surface and a rigid bottom. In such a fluid, there are two modes of motion due to the surface waves and
internal waves. The former is referred to as the surface wave mode while the latter is internal wave mode. For these two
modes, the wave exciting forces are of great interest to study. Presently, no one has clearly solved three dimensional
internal wave exciting forces for a two-layer fluid of finite depth. The present work has solved internal wave forces for the
body floating in the upper layer and lower layer of a two-layer fluid of finite depth. Green functions are used to obtain the
radiation potential, together with the incidence wave potential to calculate the wave exciting forces. A boundary integral
equation method together with the Green’s theorem is used to get the velocity potential on the wetted surface of the
body. The advantage of the method is that it involves integration once to obtain the pressure forces and in a similar
manner the velocity potential required. The present work is very applicable in the design of the off shore structures and
constructions taking place in shallowly stratified fluids.
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¢(1), velocity potential in the upper layer; ¢(2), velocity potential in the lower layer; o, frequency of
oscillation; g, acceleration due to gravity; p,, density of fluid of the upper layer; p,,, density of fluid of the lower

Nomenclature:

layer; y, density ratio; G(l), Green function in the upper layer; G®, Green function in the lower layer; P, field point;
g, source point; o angle of wave incidence; 77, wave elevation; N, normal vector directed inward domain.

INTRODUCTION

Wave exciting forces have been studied extensively in a
fluid of uniform density, single layer cases. The stratified
fluid case has received little attention. Recently,
Mohapatra and Bora (2008) studied the wave exciting
forces on a sphere in a two-layer fluid. They used the
method of multipole expansion to obtain their radiation
potential. However, they did not study the influence of

internal waves on the wave exciting forces; they only
looked at the cases similar to those of single layer.
Nguyen and Yeung (2010) studied the influences of the
density ratio and variation of lower layer depth on the
wave exciting forces on a floating barge. However, they
used the source distribution method which involves
integration more than once to obtain the radiation potential.



On the other hand, they only considered a body floating
in the upper layer and not touching the interface. Ten and
Kashiwagi (2004) studied radiation problems of a general
body in a two-layer fluid of finite depth. They used a
boundary integral equation method to obtain the velocity
potential on the wetted surface of the body. However,
they considered two-dimensional case and the numerical
results were for the case of a body floating in the upper
layer only. Kashiwagi et al. (2006) applied the same
boundary integral equations to obtain and solve the
diffraction problems directly. A two-dimensional case was
considered again, for a body in the upper and lower layer
and the influence of density ratio and the position of the
interface were studied. On the other hand, Ying et al.
(2012) considered the diffraction for a three dimensional
body floating in a two-layer fluid. They used the boundary
element method in time domain, and got similar results in
the frequency domain. However, like other above
mentioned researchers, they only considered the body in
the upper layer.

It is also important to note that the density ratio effects
are of importance in the diffraction predictions, since the
forces depend on waves. There is a need to know about
wave characteristics in order to understand their
influences on these forces. Lu and Chen (2009) have
studied both surface and interfacial waves in a two-layer
fluid. The wave characteristics they have given are very
essential in the analysis of the internal wave excitations. On
the other hand, Manyanga and Duan (2011a) have also
presented the internal wave amplitudes and how they are
influenced by the density ratio in a two-layer fluid of finite
depth. An extension on this analysis has been carried out
by Manyanga and Duan (2012) to study the aspects of
velocity and acceleration, among other wave properties.
This is important since a force is proportional to the
acceleration due to the fluid motion. Some of these
aspects have also been studied extensively by Grue et al.
(1999) and Grue and Jensen (2006). Their experimental
results are very intuitive in understanding the internal
wave influence on the wave force on a floating body.

In this paper, we consider the influence of internal
waves on the exciting forces for a three dimensional body,
heaving either in the upper or lower layer of a two-layer
fluid of finite depth. The method of boundary integral
equations is used, together with the Green’s theorem to
obtain the radiation potential on the wetted body surface
of a rectangular floating barge. This method provides a
straight forward way to integrate the radiation pressure
from the linear Bernoulli equation to get the required
potential. To do this the appropriate Green functions, as
in Manyanga and Duan (2011b) have been used. These
Green functions have been proved to be robust and time
saving in computer memory. In this case, the surface
integration is done by the panel method following Hess
and Smith (1964). After obtaining the radiation potential,
the dynamic force and Froud Kriloff force are calculated,
and consequently the wave exciting force. For each case
of the layers, incidence wave potentials are derived,
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since they are necessary for the evaluation of the
diffraction potentials.

MATHEMATICAL FORMULATIONS

Consider a uniform rectangular box in a two-layer fluid of
finite depth. Boundary integral equations are derived for
the cases when it is floating in the upper or lower layer,
respectively. To do this, the following kinematics and
body boundary conditions must be fulfiled by a velocity
potential. This velocity potential is obtained by
appropriate Green functions and applying the Greens
second identity. So, let the box be at the interface of the
fluid domain, as in Figure 1. Suppose the box in calm
water and is given some small angular frequency @ then
the free surface, interface and the bottom boundary
conditions become:

a¢(l) " 02
———vp” =0, y=h, v=—o (1)
oy g
® @
7(%—@@}:—8?}/ -vp®,  y=0 7/2% )
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Let the functions ¢ and G be harmonic in a closed

region by the contour S, and the functon G has a
singular behavior at P. The aim is to obtain ¢ (the
velocity potential) given an appropriate Green function,

G by applying the Green’s theorem. Then for n-normal
vector directed inward the domain, we have the integral
equation to be solved in the form,

G 5 0, p outside S
b(p)g(p) = [ (%—Ga—fjds =i-27(p), pons
> ~47g(p), pinside S

Now, on the free surface, the normal derivative is
congruent to the direction of the derivative with respect to
y, which can be obtained from the boundary condition
(Equation 1) in the form:

G G

op _0¢ _ G
on oy on oy C ©

Two cases arise in solving the potential in a two-layer
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Figure 1. Schematic for the boundary surfaces.

Rigid bottom

SH —> The whole wetted surface of the body;

SS) and S,(f) —> Surfaces for the upper- and lower-layer fluid domains, respectively; SF —> Free

surface; Sl(l) —> Interface upwards (upper layer); S|(2) —> Interface downwards (lower layer); SB —> Rigid

bottom; Sél) —> Control surface for upper region; Séz) —> Control surface for lower region.

fluid, that is, when the body is floating in the upper layer
and when in the lower layer. Care should be taken when
deriving such a potential at the interface. In the present
method, the interface is considered to be continuous
across the layers hence the potential is also continuous.

Upper layer case
Let the box be located in the upper layer of the two-layer

fluid, then from Equations 5 and 6, applying the Green’s
theorem in both domains yield:

@ (- (1)
b(p)¢“’<p>=H(¢‘”(q>w—6“)<qrP>a§n<$)jds(q) v

o=f [W) @F 0 g

@ o (Q)j @)
an(@) (a:p) S(a)

an(a)

Using the properties of the boundary surfaces above and
mathematical manipulations give the boundary integral

equation to be solved as:
(2)
jj ©)

b(p)¢‘”(p):ﬂ[ 0% gn? wj

i an an

Lower layer case

In a similar way to the body located in the upper layer
case, we apply Green’s theorem to both the upper layer
and lower layer domains. Thus from Equations 5 and 6,
we have:

PG CHO S ()]
0=||| g®(q) —1= ds
jj[qﬁ (@) o 6oq: p)? o (@ @0
@) (-
bR (p)- ﬂ[wq)a:n—%") g:p) é))de(q) ay

Again using the properties of the boundary surfaces
above and after some mathematical manipulations gives
the boundary integral equation to be solved as:

5@ 240 (2) a
e e
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H
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Numerical solutions

Consider the first integral part of Equation 9:
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For SS) is the enclosing surface, we discretise it into N-

qguadrilateral elements (N-panels) to approximate the
body surface.

Let
1 oGWY ] ]
=— || =—ds inthe j™ element
A 2r éu.) on ' .
" (14)
B, = ”G“’n ds; inthe j" element
Y2 50

We take ¢j(l) to be a constant potential in the jth element.

o4 _
Thus, is also constant in the Jth element. Hence,
i

we have:

N @

A4 =C, (15)
j=L
Equation 15 is a system of linear equations to be solved
f0r¢j(1) , by the methods of Hess and Smith (1964).
Note that:

N = number of quadrilateral elements

Aj=2r i=]
:i” n,(vG"ds, i #
N
C. =Y B,
j=1

N; = the generalized unit normal in the jth direction

INCIDENCE WAVE POTENTIAL

The incidence wave velocity potentials are very important
for the analysis of the plane progressive waves. For a
single layer case, these potentials have been derived.
However, in a two-layer fluid, there are two waves of
incidence due to the surface wave mode and interface
wave mode. These waves progress with different
wavelengths as has been discussed in details by
Manyanga and Duan (2012). We need these potentials in
order to calculate the wave exciting forces.

(m)

We define the velocity potential @" of the general
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incidence wave as:

(16)

{ (keoshk(y~h)+vsinhk(y-h,))xe [ Xcosa+1sina +0t]}

17

- Re{Bo coshk(y+ h2)e| [k(XCOSa +15ina) +0't]}

The above potentials must satisfy the Laplace equation,
kinematics and dynamic conditions on the free surface
and interface and also the bottom conditions, as below:

vol™ _o, m=1,2 (18)
aq)(l) a @
T, y=h (19)
oy ot
@
82 +gnY = y=h (20)
® @) @)
ac;y :ac;)y :agt | y=0 o
aq)(l) aq)(z)
J’( o +g’7(1)j=7+977(2), y=0 (22)
(2)
a?y =0, y=-h, (23)

Besides this, define the surface and interface elevations
for the waves as:

n(m)(x,z,t):Re{a(m)el[k(xcoswZsma)Mt] m=12 24

where a(l) and a(z) are the amplitudes of the surface
and internal waves, respectively. Substituting Equation
16 together with Equation 24 into the free surface
boundary condition (Equation 20), we get:

ina®
1ga
A =l9a” (25)
0 ok
Similarly, substituting Equations 16 and 17 together with

2
Equation 25 and 77( ) into the interface kinematic
boundary condition (Equation 20), we obtain:
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iga(l)

= (26)
0 ksinhkh,

Thus, we can write the surface incidence velocity
potential as:

ina® i i
<D<1>:Re(%(kcoshk(y-m+vsinhk(y-hl))xe'[k(XCOS“”S'"“‘)“’tW 27)
0
iga” i[k(xcosa +zsina)+ot]
Q(Z):Re{ '_ga coshk(y+h)e|[ (28)
ksinhkh, :

Now, in order to obtain the incidence velocity potential of
the internal waves, we substitute Equations 25 and 26
into Equation 20, this gives:

o2a®

a® —
(o — gk tanh kh, ) cosh kh,

(29)

Hence, we can express the incidence wave potential of
the internal waves as:

e igoa® (kcoshk(y—h) +vsinhk(y—-h,)) )

oY =R
k(o” - gk tanh khy ) cosh khy

(30)
o [k(xcosa +zsina) +0't]}

igo*a® coshk(y+h,)

0¥ =
k(0" - gktanhkh, )cosh kn,sinh ki,

Xei[k(xcosa+zsina)+at]} (31)

HYDRODYNAMIC FORCES

Now we can derive the wave forces and loads using the
incidence velocity potentials and the radiation potential.

We define the total velocity potential on the body, @
depending on whether the body is in the upper or lower
layer, as:

6
DM = g+ 3 g + i @)
j=1

Where m = 1, 2 refers to upper and lower layers,
respectively, O(m) is the incidence velocity potential, ¢j(m)
is the radiation potentials related to the body motion in

calm water (where j denotes the mode of motion) ¢7(m) is

the scattering or diffraction potential corresponding to the
restrained body in its mean position.

The assumption of small amplitude motion allows the
kinematics boundary condition on the immersed surface
of the body to be satisfied in its mean position, that is:

o).

ﬁ:nj J=1,2...6 (33)
on

0 0

o _ 90 _p (34)
on on

Where, generally,

n =n,, nzzny, N, =n,

n,=yn,—zn, Ng=zn,—Xn,, N;=Xn,—yn,

The hydrodynamic force and momentum acting on a
body can be defined as:

F, :IPﬁjds, i=1, 2, 3 (35)
S

M, :IP(?—F’g)xﬁjds, j=4,5, 6 (36)
S

Here P is the fluid pressure that can be obtained from
Euler’s integral as:

7 .
P= Re{z pmozai(m)gé}m)e("’")”} (37)

j=0

Where, p,. is the density of the fluid, either in the upper
or lower layer depending on the value of m, o is the
frequency of oscillation and ai““’ is the complex wave

amplitude. Hence we can rewrite the force and moment
in Equations 35 and 36 using Equation 37 as:

7 )
F =Re {Z pootame Y | ¢}""ﬁds} (38)

j=0 S

7 .
|\7| _ {meo_zai(m)e(—la(l)t)J'¢j(m) (r _ f;} ) X ﬁds} (39)

j=0 S

Let's denote f=fi+f,j+ f3I2 and

m= f,i + f, ]+ f,K, then we can now write the complex
hydrodynamic force and moment as:



7

2
k= mea ai(m)_[¢fm)nkds :

j=0 S

k=12.6 (40)

WAVE EXCITING FORCE

The wave exciting force can be obtained from Equation
40 by redefining it into the radiation and diffraction force
parts. We now derive it here for the case when the body
floats in upper layer first; the other cases follow
immediately in a similar manner.

For a body floating freely in calm water, it relies on the
incident wave. Let,

DO =g + 7" (42)
where the ¢(l) and ¢ have been defined earlier, as
incidence and diffraction potentials, respectively.

Note that the potential ¢0(1) satisfies the free surface
and interface boundary conditions (Equations 18 to 23),
while the potential ¢7(1) satisfies the radiation condition:

Lim ¢® =0 (42)

R—x

Assume that ¢(1) is known, and ¢(§1) is given from

Equation 27, then:
OO — cgl) + ¢7(1) (43)

So, ¢(1) is known and we can now calculate the dynamic
pressure from the linear terms of Bernoulli equation:

op® o ¢(1) bo) ¢7(l)
Pl=—p——=—n——n—7—
Hence the dynamic force is:
FO = | —AP®ds (45)
sy
@ oW
= I p——2—nds+ | o i nds (46)
S|(_|l) SI(—il) at

Equation 46 contains the Froud Krillof force and the
Diffraction force, first and second patrts, respectively.
We first derive the diffraction force as follows:
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S(l)

Due to the symmetry property

F® =i pla_[ HP ¢7 ds (48)

s®

But we have that,

o @® a (1)
i [ 49)
on on

Consequently, the diffraction force becomes:

FO = |paj¢k<l> ¢° ds, k=12,..6 (50)

s

Now we calculate the Froud Krillof force. This is defined
as:

()

(—n)ds (51)

From Equation 27 we get:
(1)

at =iog” (52)

Thus, using Equation 52 in Equation 41 gives:
If,:(,l() = I i p,opPnds
s
(53)
Iplaj ¢(1) ¢k

S(l)

Hence, the wave exciting force for a body floating in the
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Figure 2. Magnitude of surge wave exciting force of a box, upper layer

(h/T=12,h/T=04).

upper layer for a two-layer fluid of finite depth is:

=0 _E® , FO
E.k — FFK + I:D

(54)

. agﬁk(l) o
=1p,c @) —gp® 20 |ds
P S_([)( " "on K Tan

The wave exciting force for a body floating in the lower
layer is obtained in a similar way.

RESULTS AND DISCUSSION

In the present method, a rectangular box is used to
obtain the wave excitation force due to incidence waves.
The dimensions of the box were taken as; Length, L =
2.25 m; Breadth, B = 2.25 m; and Draught, T = 1.00 m.
Two cases were considered in the numerical calculations,
when the box is in the upper layer and when the box is in
the lower layer. For each case, the influences of the
density ratio and the position of the interface were
analyzed and presented.

Upper layer case

For this case, to study the influence of the density ratio,

the depths were fixed at h /T =1.2, h,/T =0.4 and
h=h +h, for different density ratios y =0.7,0.9,1.0.
In fact for » =1.0, the two-layer fluid reduces to those of

single layer case with h/T =1.6 and numerical results
can be compared to those of Endo (1987). The numerical
results also show that results for the two-layer and the
single layer fluids converge exactly, at this condition. The
results for ¥ =0.7 and 0.9 show the presence of the

internal waves, thus they demonstrate the influence of
internal waves on the wave exciting forces on the box as
can be seen in Figures 2 and 3. They show that at high
frequencies, the internal waves are not important and can
be ignored, and that the results are comparable to those
of single layer case. However, at relatively low frequency
there is visible interference of the internal waves. It is
also noted that as the density ratio increases, the
disturbance becomes larger, as can be seen clearly more
in the surge excitation. On the other hand, the interface
position greatly affects the wave loads on the floating
body in a two- layer fluid. This can be observed by fixing
the density ratio at ¥ =0.9 and varying the depths of the

fluid layers in the following manner: Upper layer depth as;
h,=1.6, 1.5, 1.4, 1.3, 1.2 while the lower layer depth as;
h,= 0.0, 0.1, 0.2, 0.3, 0.4; and h/T=1.6, respectively. The
results for h,/h;=0.0 are for the case of single layer and
are included to show the influence of the internal waves.
As can be seen in Figures 4 and 5, the depth can greatly
affect the internal waves, the magnitude of the wave
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Figure 3. Magnitude of heave wave exciting force of a box, upper layer
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Figure 4. Effects of interface on surge wave exciting force of a box, upper layer,

y=09.

exciting force decreases as the interface is moved
upwards.

Lower layer case

In this case, to study the influence of the density ratio, the

depths were fixed at h /T =04, h,/T=12 and
h=h +h, for different density ratios » =0.0,0.7,0.9.
In fact for » =0.0, the two-layer fluid reduces to those of

single layer case with h/T =1.6 and numerical results
can be compared to those of single layer cases. The
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Figure 5. Effects of interface on heave wave exciting force of a box, upper

layer, ¥ =0.9.
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Figure 6. Magnitude of surge wave exciting force of a box, lower layer

(h/T=04h/T=12)

numerical results again show that results for the two-layer
and the single layer fluids converge exactly, at this
condition. The results for »=0.7 and 0.9 show the

presence of the internal waves again, thus they
demonstrate the influence of internal waves on the wave
exciting forces on the box as can be seen in Figures 6

and 7. They show that at high frequencies, the internal
waves are not important and can be ignored, and that the
results can be compared to those of single layer case.
However, at relatively low frequency, there is visible
interference of the internal waves. It is also noted that as
the density ratio increases, the disturbance becomes
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Figure 8. Effects of interface on surge wave exciting force of a box, lower

layer, ¥ =0.9.

larger, as can be seen clearly more in the surge

excitation.
On the other hand, the interface position also greatly

affects the wave loads on the floating body in the lower
layer of the two-layer fluid. This can be observed by

again fixing the density ratio at » =0.9 and varying the
depths of the fluid layers in the following manner: Upper

layer depth as; h,/T=0.0, 0.1, 0.2, 0.3 while the lower
layer depth as; h,/T=1.6, 1.5, 1.4, 1.3, 1.2, 0.4; and
h/T=1.6, respectively. The results for h,/h;=0.0 are for
the case of single layer and are included to show the
influence of the internal waves. As can be seen in
Figures 8 and 9, the depth can greatly affect the internal
waves, the magnitude of the wave exciting force decreases
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Figure 9. Effects of interface on Heave wave exciting force of a box, lower

layer, ¥ =0.9.

as the interface is moved upwards.

CONCLUSIONS

The boundary integral equations for a radiation potential
were derived, both for the box in the upper and lower
layers. Similarly, the incidence wave potentials were
derived both for the surface and internal waves. These
potentials were used to solve the diffraction problem for
either the box is floating in the upper or lower layer of a
two-layer fluid of finite depth. In calculating the wave
exciting forces on the box, the internal wave influences
were observed. This was done by varying the density
ratio of the fluid. It was found that the density ratio greatly
affects the wave exciting forces in a stratified fluid of
constant depth. At large frequencies, the internal waves
are of no importance in the predictions. However, there
are influences of internal waves at relatively low
frequencies. Conversely, when the layers have equal
densities, then the two-layer fluid reduces to a single
layer fluid, and the numerical results converge.

On the other hand, it was observed that the interface
greatly affects the wave force. The height of the fluid was
fixed and the depths of the layers were varied to
demonstrate this phenomenon. When the interface
changed, the numerical results were as expected for the
shallow water effects on the wave force. However, the
internal wave influences were still on course in the
predictions.

Generally, internal waves and interfaces are of great

influence to the wave forces and hydrodynamics of a
body performing in stratified fluids. Therefore, there is
need for them to be considered in the marine engineering
designs and constructions.
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APPENDIX

Integration scheme

The integration on a panel was carried out by the method of Hess and Smith (1964). In this case, the velocity potential is

assumed to be constant over the panel. So, this method is used by applying a plane quadrilateral panel on a collocation
point P. The coordinates of the corners of the quadrilateral ( (X, Y;,Z), (X5, ¥5,2,), (X3, Y3, 235), (X4, Y,,2,)) are
transformed into a square standard region for easy calculation. On the other hand, the surface P(X,Y,z) can be

expressed in the surface Q(&,7,¢) by the transformation:

INER Y=INEDY: 2= 3N En)s o)

where

N,(&:77) =0.25x(1-8)A-17)
N,(£,77) =0.25x(1-&)(1+7)
N,(&,77) =0.25x(1+&)A+7)
N,(£,77) =0.25%x(1+ &) (1-7)

Therefore, integration on a quadrilateral can be performed by transforming a function f(X,Y,2) into the function

f(&£,1m,4) in the following manner:

” f(x,y,2) ds:ﬂ f(&m.¢)||ds' (Ap.2)

where |J| is the Jacobian of the transformation given by:

Pk
J|ox % oz (Ap.3)
o o0& o0&
OxX oy oz
on on on

Denoting the following components,

_oyoz  oyor | _ Oxoz  oXor | _ Oxay  oxoy
' ogn omog’ t ofom onog’ Y o&on onog
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Then

9=l +1,+1, (Ap.4)

Thus we can now evaluate the integral (Ap.2) numerically by applying Gauss-Legendre quadrature:

N;

[ fEme)alds'=3 3w, f,Emo)) Ap)

S i

where w; are the weight functions of the N points. In the present work, a 4-point Gaussian rule has been employed.

However, it has been found that using higher order Gaussian rule does not change much the predictions of the
hydrodynamic coefficients. Hence, this low order rule is used and the advantage is that it drastically saves computation

time.



